Future proposed satellite missions such as Euclid can offer the opportunity to test general relativity on cosmic scales through mapping of the galaxy weak-lensing signal. In this paper we forecast the ability of these experiments to constrain modified gravity scenarios such as those predicted by scalar-tensor and fðRÞ theories. We find that Euclid will improve constraints expected from the Planck satellite on these modified theories of gravity by 2 orders of magnitude. We discuss parameter degeneracies and the possible biases introduced by modifications to gravity.
I. INTRODUCTION
Understanding the nature of the current observed accelerated expansion of our Universe is probably the major goal of modern cosmology. Two possible mechanisms can be at work: either our Universe is described by general relativity (GR, hereafter) and its energy content is dominated by a negative pressure component, coined ''dark energy,'' or only ''standard'' forms of matter exist and the cosmic acceleration is driven by deviations from GR on cosmic scales (see e.g. [1, 2] ) or arises because of large scale inhomogeneities (see e.g. [3, 4] ).
All current cosmological data are consistent with the choice of a cosmological constant as a dark energy component with equation of state w ¼ P= ¼ À1, where P and are the dark energy pressure and density, respectively (see e.g. [5] [6] [7] ).
While deviations at the level of $10% on w assumed as constant are still compatible with observations and bounds on w are even weaker if w is assumed to be redshift dependent, it may well be that future measurements will be unable to significantly rule out the cosmological constant value of w ¼ À1.
Measuring w, however, is just part of the story. While the background expansion of the Universe will be identical to the one expected in the case of a cosmological constant, the growth of structures with time could be significantly different if GR is violated. Modified theories of gravity have recently been proposed where the expansion of the Universe is identical to the one produced by a cosmological constant, but where the primordial perturbations that will result in the large scale structures in the Universe we observed today grow at a different rate (see e.g. [8] [9] [10] , the review [11] , and references therein).
Weak-lensing measurements offer a great opportunity to map the growth of perturbations since they relate directly to the dark matter distribution and are not plagued by galaxy luminous bias [12] [13] [14] . Recent works have indeed made use of current weak-lensing measurements, combined with other cosmological observables, to constrain modifications to gravity yielding no indications for deviations from GR [15] [16] [17] [18] [19] [20] .
The next proposed satellite missions such as Euclid [21, 22] or the Wide-Field Infrared Survey Telescope [23] could measure the cosmological weak-lensing signal to high precision, providing a detailed history of structure formation and the possibility to test GR on cosmic scales.
In this paper we study the ability of these future satellite missions to constrain modified theories of gravity and to possibly falsify a cosmological constant scenario. With respect to recent papers that have analyzed this possibility (e.g. [24, 25] ) we improve on several aspects. First of all, we forecast the future constraints by making use of Monte Carlo simulations on synthetic realizations of data sets. Previous analyses (see e.g. [9, 26, 27] ) often used the Fisher matrix formalism which, while fast, may lose its reliability when Gaussianity is not respected due, for instance, to strong parameter degeneracies. Second, we properly include the future constraints achievable by the Planck satellite experiment, also considering CMB lensing, that is a sensitive probe of gravity modifications (see e.g. [28, 29] and references therein). Third, we discuss the parameter degeneracies and the impact of modified theories of gravity on the determination of cosmological parameters. Finally, we focus on fðRÞ and scalar-tensor theories, using the general parametrization proposed by [26] .
Our paper is structured as follows. In Sec. II we introduce the parametrization used to describe departures from GR, and then specialize to the case of fðRÞ and scalartensor theories. In Sec. III we describe galaxy weak lensing, while in Sec. IV we discuss how to extract lensing information from CMB data. We review the analysis method and the data forecasting in Sec. V. In Sec. VI we present our results, and we derive our conclusions in Sec. VII.
II. PARAMETRIZED GRAVITY MODIFICATIONS
In this section we describe the formalism we use to parametrize departures from general relativity.
A. Background expansion
In the following analysis we fix the background expansion to a standard ÃCDM cosmological model. The ÃCDM scenario is currently the best fit to available SN-Ia luminosity distance data and popular modified theories of gravity, e.g. fðRÞ, closely mimic ÃCDM at the background level with differences which are typically smaller than the precision achievable with geometric tests [30] . The most significant departures happen at the level of growth of structure and, by restricting ourselves to ÃCDM backgrounds, we are able isolate them.
B. Structure formation
In modified theories of gravity we expect departures from the standard growth of structure, even when the expansion history matches exactly the ÃCDM one. Let us consider the perturbed Friedmann-Robertson-Walker metric in longitudinal gauge (neglecting vector and tensor perturbations):
where È and É are the Newtonian and metric potentials. A modified theory of gravity changes the evolution of perturbations, dark matter clustering, as well as the evolution of the potentials which can be scale dependent. In order to follow the growth of perturbations in modified theories of gravity, we employ the MGCAMB code developed in [26] (and publicly available; see Ref.
[31]). In this approach the modifications to the Poisson and anisotropy equations are parametrized by two functions ða; kÞ and ða; kÞ defined by
where Á þ 3 aH k ð þ PÞv is the comoving density perturbation. In the modified gravity scenario an effective anisotropic stress could indeed arise and the two potentials appearing in the metric element, È and É, are not necessarily equal, as in the ÃCDM model when the relativistic energy component is neglected. These functions can be expressed using the parametrization introduced by [32] (and used in [26] ):
where the parameters i can be thought of as dimensionless couplings, i as dimensionful length scales, and s is determined by the time evolution of the characteristic length scale of the theory. ÃCDM cosmology is recovered for 1;2 ¼ 1 or
Scalar-tensor theories
This parametrization can be used to constrain chameleon-type scalar-tensor theories, where the gravity Lagrangian is modified with the introduction of a scalar field [33] . As shown in [26] , for these kinds of theories the parameters f i ; 2 i g are related in the following way:
This implies that we can analyze scalar-tensor theories adding three independent parameters to the standard cosmological parameter set.
fðRÞ theories
Scalar-tensor theories of gravity and fðRÞ theories are dynamically equivalent (at both quantum and classical levels; see e.g. [34] ); in fact, fðRÞ models can be thought of as a specific class of scalar-tensor theories. Nevertheless, in this paper, in addition to scalar-tensor models, we specifically consider cosmologically viable fðRÞ theories that reproduce the ÃCDM background expansion as, using the parametrization described above, they allow us to work with less additional parameters than general scalar-tensor theories. In fact, in the specific case of fðRÞ theories we can indeed additionally reduce the number of free parameters since fðRÞ theories correspond to a fixed coupling 1 ¼ 4=3 [35] . Moreover, to have a cosmologically viable theory, the s parameter must be $4 [26] . The parametrization in Eq. (4) effectively neglects a factor representing the rescaling of Newton's constant [e.g. ð1 þ f R Þ À1 in fðRÞ theories] that, as pointed out in [36] , is very close to unity in models that satisfy local tests of gravity [30] and thus negligible. However, when studying the fðRÞ case, we need to include it to get a more precise Monte Carlo Markov chain (MCMC) analysis [see [36] for the detailed expression of Eq. (4)]. Even with this extended parametrization, we have only one free parameter left, the length scale 1 . In this work we will constrain fðRÞ theories through this parameter, evaluating the effects of these theories on gravitational lensing.
III. GALAXY WEAK LENSING
Weak gravitational lensing of the images of distant galaxies offers a useful geometrical way to map the matter distribution in the Universe. Following [12] one can describe the distortion of the images of distant galaxies through the tensor
where is the convergence term and ¼ 1 þ i 2 is the complex shear field. As shown in [37] 
Here nðzÞ is the galaxy redshift distribution. In our analysis we assume flatness of the Universe. However, in general, the angular diameter distance D A between the lens and the source depends on the spatial curvature K:
and the comoving distance is
with EðzÞ ¼ HðzÞ=H 0 . Image distortions induced by the matter distribution are generally small. To extract cosmological information it is hence necessary to statistically analyze a large number of images. The two-point correlation function of the convergence is, at present, the best measured statistic of the weak lensing but, of course, higher order statistics also contains cosmological information. It is convenient to work in the multipole space and define the convergence power spectrum as the harmonic transform of the two-point correlation function. This is usually the most analyzed and studied statistical quantity related to the weak lensing, and we will focus on the convergence power spectra in order to properly compare our results to similar analyses in the literature. However, it should be stressed that, as shown in [38] , the convergence power spectrum is only indirectly and partially obtainable from the two-point correlation function.
Future surveys will measure redshifts of billions of galaxies, allowing the possibility of a tomographic reconstruction of the matter distribution. We can hence define the convergence power spectra in each redshift bin and the cross-power spectra:
where P NL is the nonlinear matter power spectrum at redshift z, obtained by correcting the linear one, P L .
WðzÞ is a weighting function:
with subscripts i and j indicating the bins in redshifts. Equation (7) clarifies the cosmological information contained in the weak lensing: the function WðzÞ encodes the information on how the three-dimensional matter distribution is projected on the sky, while the matter power spectrum quantifies the overall matter distribution. The observed convergence power spectrum is affected mainly by a systematic arising from the intrinsic ellipticity of galaxies 2 rms . This uncertainties can be reduced by averaging over a large number of sources. The observed convergence power spectra will hence be
whereñ j is the number of sources per steradian in the jth bin.
IV. CMB LENSING EXTRACTION
In addition to galaxy weak lensing, we include the information derived from CMB lensing extraction.
Gravitational CMB lensing, as already shown in Ref. [39] , can improve significantly the CMB constraints on several cosmological parameters, since it is strongly connected with the growth of perturbations and gravitational potentials at redshifts z < 1 and, therefore, it can break important degeneracies. The lensing deflection field d can be related to the lensing potential as d ¼ r [40] . In harmonic space, the deflection and lensing potential multipoles follow:
and therefore, the power spectra
Gravitational lensing introduces a correlation between different CMB multipoles (that otherwise would be fully uncorrelated) through the relation
where a and b are the T, E, B modes and Ä is a linear combination of the unlensed power spectraC ab ' (see [41] for details).
In order to obtain the deflection power spectrum from the observed C ab ' , we have to invert Eq. (12), defining a quadratic estimator for the deflection field given by
where n ab L is a normalization factor needed to construct an unbiased estimator [dða; bÞ must satisfy Eq. (10)]. This estimator has a variance hdða; bÞ
that depends on the choice of the weighting factor W and leads to a noise N aa 0 bb 0 L on the deflection power spectrum C dd L obtained through this method. The choice of W and the particular lensing estimator we employ will be described in the next section.
V. FUTURE DATA ANALYSIS A. Galaxy weak-lensing data
Future weak-lensing surveys will measure photometric redshifts of billions of galaxies allowing the possibility of a 3D weak-lensing analysis (e.g. [42] [43] [44] [45] ) or a tomographic reconstruction of growth of structures as a function of time through a binning of the redshift distribution of galaxies, with a considerable gain of cosmological information (e.g. on neutrinos [46] , dark energy [45] , the growth of structure [47, 48] , and the mapping of the dark matter distribution as a function of redshift [49] ).
Here we use typical specifications for future weaklensing surveys like the Euclid experiment, observing about 35 galaxies per square arcminute in the redshift range 0 < z < 2 with an uncertainty of about z ¼ 0:03ð1 þ zÞ (see [22] ), to build a mock data set of convergence power spectra. Table I shows the number of galaxies per arcminute À2 (n gal ), redshift range, f sky , and intrinsic ellipticity for this survey. The expected 1 uncertainty on the convergence power spectra Pð'Þ is given by [50] 
where Á ' is the bin used to generate data. Here we choose Á ' ¼ 1 for the range 2 < ' < 100 and Á ' ¼ 40 for 100 < ' < 1500. For the convergence power spectra we use ' max ¼ 1500 in order to exclude the scales where the nonlinear growth of the structure is more relevant and the shape of the nonlinear matter power spectra is, as a consequence, more uncertain (see [51] ). We describe the galaxy distribution of the Euclid survey as in [52] , nðzÞ / z 2 expðÀðz=z 0 Þ 1 Â 5Þ, where z 0 is set by the median redshift of the sources, z 0 ¼ z m =1:41. Here we calculate the power spectra assuming a median redshift z m ¼ 1.
Although this assumption is reasonable for Euclid, it is known that the parameters that control the shape of the distribution function may have strong degeneracies with some cosmological parameters such as matter density, 8 , and the spectral index [53] . However, we conduct an analysis by also varying the value of z m , finding no significant variations in the results (see below).
In one case we also show constraints achievable with tomography, dividing the distribution nðzÞ in three equal redshift bins. The distribution we are using is shown in Fig. 1 , normalized so that R nðzÞdz ¼ 1, together with the distributions of each redshift bin. As said above, Euclid will observe about 35 galaxies per square arcminute, corresponding to a total of $2:5 Â 10 9 galaxies. In the tomographical analysis, each one of the bins in Fig. 1 contains, respectively, 25%, 51%, and 26% of the sources. As expected, using tomography, we find an improvement on the cosmological parameters with respect to the single redshift analysis. However, in this first-order analysis we are not considering other systematic effects such as intrinsic alignments of galaxies, selection effects, and shear measurement errors due to uncertainties in the point spread function (PSF) determination. Future real data analysis will require the complete treatment of these effects in order to avoid biases on the cosmological parameters. Moreover, the uncertainty we are assuming on the redshift is the most optimistic value for Euclid, and we note also that the intrinsic ellipticity value of Table I is probably redshift dependent, and may be higher for the fainter galaxies at higher redshifts. For all these reasons we use the convergence power spectra calculated at a single redshift to do most of our forecasts, in order to be more conservative.
B. CMB data
We create a full mock CMB data set (temperature, E-polarization mode, and lensing deflection field) with noise properties consistent with the Planck [54] experiment (see Table II for specifications).
We consider for each channel a detector noise of w À1 ¼ ðÞ 2 , where is the full-width at half-maximum (FWHM) of the beam, assuming a Gaussian profile, and is the temperature sensitivity ÁT (see Table II for the polarization sensitivity). We therefore add to each C ' fiducial spectra a noise spectrum given by
where ' b is given by ' b ffiffiffiffiffiffiffiffiffiffi 8 ln2 p =. We make use of the method presented in [41] to construct the weighting factor W of Eq. (13) . In that paper, the authors chose W to be a function of the power spectra C ab ' , which include both CMB lensing and primary anisotropy contributions. This choice leads to five quadratic estimators, with ab ¼ TT, TE, EE, EB, TB; the BB case is excluded because the method of Ref. [41] is only valid when the lensing contribution is negligible compared to the primary anisotropy, an assumption that fails for the B modes in the case of Planck.
The five quadratic estimators can be combined into a minimum variance estimator which provides the noise on the deflection field power spectrum C dd ' :
We compute the minimum variance lensing noise for the Planck experiment by means of a publicly available routine (see Ref.
[55]). The data sets (which include the lensing deflection power spectrum) are analyzed with a full-sky exact likelihood routine available and are available in the same reference.
C. Analysis method
We perform two different analyses. First, we evaluate the achievable constraints on the fðRÞ parameter 2 1 and on the more general scalar-tensor parametrization including also 1 and s. Second, we investigate the effects of a wrong assumption about the gravity framework on the cosmological parameters, by generating an fðRÞ data set with a nonzero 2 1 fiducial value but analyzing it assuming ÃCDM and 2 1 ¼ 0 Mpc 2 . We perform a Monte Carlo Markov chain analysis based on the publicly available package COSMOMC [56] , with a convergence diagnostic using the Gelman and Rubin statistics.
We sample the following set of cosmological parameters, adopting flat priors on them: the baryon and cold dark matter densities b h 2 and c h 2 , the ratio of the sound horizon to the angular diameter distance at decoupling s , the scalar spectral index n s , the overall normalization of the spectrum A s at k ¼ 0:002 Mpc À1 , the optical depth to reionization , and, finally, the gravity modification parameters 2 1 , 1 , and s. The fiducial model for the standard cosmological parameters is the best fit from the Wilkinson Microwave Anisotropy Probe seven-year analysis of Ref. [57] to test the constraints achievable on the fðRÞ model. We then repeat the analysis allowing 1 and s to vary. Furthermore, to investigate the ability of the combination of Planck and Euclid data to detect a hypothetical modified gravity scenario, we study a model with fiducial 2 1 ¼ 300 Mpc 2 , leaving 2 1 , 1 , and s as free variable parameters and allowing them to vary in the ranges 0 2 1 10 6 , 0:1 1 
2 . This will let us investigate the bias introduced on cosmological parameter inference from a wrong assumption about the gravity model.
VI. RESULTS
In Table III we show the MCMC constraints at 68% C.L. for the fðRÞ case for Planck alone and for Planck combined with Euclid. For this last case we also fit the data, fixing 2 1 to 0, thus performing a standard analysis in a general relativity framework, in order to show the importance of the degeneracies introduced by 2 1 on the other cosmological parameter errors. The parameters mostly correlated with modified gravity are H 0 and c h 2 (see also Fig. 2 ) because these parameters strongly affect the lensing convergence power spectrum as well as 2 1 through Pðk; zÞ. As expected, in fact, when assuming general relativity we find strong improvements on the errors on these parameters for the combination Planck þ Euclid in comparison to the varying 2 1 analysis. We note that the constraints on the standard cosmological parameters are in good agreement with those reported in [21] .
In Fig. 2 we show the 68% and 95% confidence level 2D likelihood contour plots in the m À 2 1 , H 0 À 2 1 , and n s À 2 1 planes, for Planck on the left (blue) and Planck þ Euclid on the right (red). As one can see, the inclusion of Euclid data can improve constraints on the standard cosmological parameters from 10% to 30%, with the most important improvements on the dark matter physical density and the Hubble parameter to which the weak lensing is of course very sensitive, as shown in Sec. III. Concerning modifications to gravity, Euclid data are decisive to constrain 2 1 , improving the 95% C.L. upper limit by 2 orders of magnitude, thanks to the characteristic effect of the modified theory of gravity on the growth of structures.
As stated above, a big advantage of future surveys is the possibility to tomographically reconstruct the matter distribution. Hence, we repeated the analysis considering also a tomographic survey, splitting the galaxy distribution into three redshift bins; this way, as shown in Table IV , we obtain a % 30% improvement on constraints, confirming the importance of tomography for future data analysis.
Nevertheless, in this work we are focusing on the relative improvement achievable with Euclid data with respect to Planck data alone, rather than on the absolute uncertainty on the parameters. Indeed, we are not taking into account several systematic effects (such as PSF or intrinsic alignment) that may weaken constraints. Hence, we choose to use the nontomographic analysis as a conservative estimation of the constraints.
Furthermore, we also performed the analysis with a different median redshift (" z ¼ 1:5) in order to check how possible degeneracies between " z and other parameters may affect the results. These results are also shown in Table V , and they are very close to the results obtained with " z ¼ 1; thus the assumption of " z ¼ 1 should not affect the analysis. Moreover, when analyzing the fðRÞ mock data sets with Table VI , all parameters are affected. We conclude, hence, that future analyses of high precision data from Euclid and Planck need to consider possible deviations from general relativity in order not to bias the constraints on the cosmological parameters.
We also perform an analysis allowing 1 and s to vary; in this way we can constrain not only fðRÞ theories but also more general scalar-tensor models, adding to the standard parameter set the time variation of the new gravitational interaction s and the coupling with matter 1 .
We perform this analysis assuming as a fiducial model a fðRÞ theory with 2 1 ¼ 3:0 Â 10 4 Mpc 2 and 1 ¼ 4=3. In Table VII [46, 58, 59] ) assuming a ÃCDM fiducial model, and we compare the results with those in Table III . We find that for Planck alone the error on 1 is underestimated by a factor $3, while the error is closer to the MCMC result for the Planck þ Euclid case (underestimated by a factor $1:2).
VII. CONCLUSIONS
In this paper we forecasted the ability of future weaklensing surveys such as Euclid to constrain modifications to gravity. We restricted our analysis to models that could mimic a cosmological constant in the expansion of the Universe and can therefore be discriminated by only looking at the growth of perturbations. We have found that Euclid could improve the constraints on these models by nearly 2 orders of magnitude with respect to the constraints achievable by the Planck CMB satellite alone. We have also discussed the degeneracies among the parameters, and we found that neglecting the possibility of gravity modifications can strongly affect the constraints from Euclid on parameters such as the Hubble constant H 0 , m , and the amplitude of rms fluctuations 8 . In this paper we found that considering more general expansion histories would further relax our constraints and increase the degeneracies between the parameters. However, other observables can be considered, such as baryonic acoustic oscillation and luminosity distances of high redshift supernovae, to further probe the value of w and its redshift dependence. 
